A-Properness and Fixed Point Theorems for Sums of Dissipative and Ball-Condensing Maps  by Lan, K.Q.
Ž .Journal of Mathematical Analysis and Applications 245, 613]627 2000
doi:10.1006rjmaa.2000.6792, available online at http:rrwww.idealibrary.com on
A-Properness and Fixed Point Theorems for Sums of
Dissipative and Ball-Condensing Maps
K. Q. Lan1
Department of Mathematics, Uni¤ersity of Glasgow, Glasgow G12 8QW,
United Kingdom
E-mail: kunquan@yorku.ca
Submitted by William A. Kirk
Received May 11, 1999
We obtain new results on A-properness of sums of dissipative and ball-con-
densing maps in p -Banach spaces. The maps involved need not be self-maps, and1
the dissipative maps are not required to satisfy any extra range conditions.
Moreover, the domains of the maps may be closed subsets. It is known that, in
general, it is difficult to prove A-properness at all points of the whole space for a
map defined on a closed subset. An open question on A-properness of a k-contrac-
tion defined on a ball in a general p -Banach space, raised by Petryshyn in 19751
and 1993, has not been completely solved so far. Our result will give a partial
answer to the open question. New fixed point theorems for sums of the above maps
and range results for dissipative maps are derived. An application to eigenvalue
problems for homogeneous integral equations is provided. Q 2000 Academic Press
1. INTRODUCTION
A-properness of maps arises when one studies approximation solvability
of equations, that is, obtaining solutions of equations in infinite dimension-
als as a limit of solutions of suitable finite dimensional approximations.
When A-properness of maps is obtained, new fixed point principles and
mapping theorems for the maps can be derived from, for example, the
newly developed theory of fixed point index for weakly inward A-proper
w xmaps 12 .
It is known that the class of A-proper maps includes many well-studied
classes of maps such as accretive type maps and maps of the form I y f ,
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where f is of contractive type or ball condensing, under suitable restric-
w xtions on the domains and on the spaces involved. We refer to the book 19
of Petryshyn, who introduced the A-proper maps for the theory of A-
proper maps.
A-properness on the whole space of the sum of a continuous k-dissipa-
w xtive map and a ball-contractive map was studied in Hilbert spaces 20 and
w xin p -Banach spaces 15, 17 , where the domains of the maps were the1
Ž .whole space X and the dissipative map T satisfied T X s X. The main
idea is to prove and utilize an inequality involving the ball-measure
relative to X.
w xLafferriere and Petryshyn 10 studied A-properness on the whole space
for sums of the above maps defined on a cone K in p -Banach spaces.1
These maps were required to be self-maps, and the dissipative map A
Ž .satisfied the range condition I y A K s K. It is known that when K / X,
the range condition may not hold even when A is a self-map. The idea is
w xsimilar to those used in 15, 17, 20 but use the ball-measure relative to a
cone.
w xBenavides 1 studied A-properness on the whole space for sums of the
above maps in Hilbert spaces. The domains of the maps are only closed
subsets, and there are no extra range conditions imposed on the maps.
However, the method depends heavily on the Hilbert space structure.
It is known that when the maps are defined on a closed subset of a
p -Banach space, it is difficult to prove that the maps are A-proper on the1
w xwhole space. An example is the open question raised by Petryshyn 18, 19 .
 5 5 4Question 1. Let K s x g X : x F r . Assume that f : K “ X is
k-contractive with k - 1. Is I y f A-proper on X ?
Under suitable restrictions, Question 1 has been given an affirmative
w x wanswer in 1, Theorem 5.1 , where X is a Hilbert space, and in 14,
xTheorem 3.9 , where the maps are self-maps and the domains are b-sets.
However, in some cases, it is possible to prove that the maps of the form
I y f defined on a closed subset are A-proper at 0, which sometimes
suffices to obtain some fixed point principles. When f is a generalized
contractive self-map defined on a closed convex set of a reflexive p -space,1
w xFitzpatrick 4 proved that I y f is A-proper at 0 by using a similar idea to
w x w xthat of Kirk 8 . Webb 24 generalized Fitpatrick’s result to a weakly
inward generalized contraction by employing the asymptotic center of a
sequence. When f is a b -condensing self-map defined on a closed subsetK
w xK of a general p -space, Lan and Webb 14 proved that I y f is A-proper1
at 0. The method is to prove and use a new equality involving ball-measure
relative to a subset.
In this paper, we study A-properness of sums of k-dissipative and
Ž .1 y k -ball-condensing maps in general p -Banach spaces. The dissipative1
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maps are not required to be self-maps and to satisfy any extra range
conditions. The domains of the maps may be closed subsets. The main tool
is to prove and utilize a new inequality involving accretive type maps and
Ž .ball-measure relative to a subset see Lemma 3.1 .
We shall show that a continuous c-accretive map T with c ) 0 defined
Ž . Ž .on a closed subset K is A-proper on T K see Theorem 3.2 . In
particular, if K is as in Question 1 and f : K “ X is a continuous
Ž .Ž .k-dissipative map with k - 1, then I y f is A-proper on I y f K . We
remark that a map T is A-proper on X if and only if it is A-proper on
Ž .T K and pseudo-A-proper on X. So our result gives a partial answer to
w xQuestion 1. By using Martin’s result in 16 , we derive that I y A is
A-proper at 0 when A is a weakly inward k-dissipative map with k - 1.
Ž .We also obtain new results on A-properness at 0 or on K of the sum of
Ž .a k-dissipative map and a 1 y k -dissipative map, where the maps are
defined on a closed convex set K and the dissipative map A satisfies the
condition that I q A is weakly inward. The condition is satisfied when A
is a weakly inward map defined on a wedge or when A is defined on the
whole space.
We shall apply our results on A-properness, together with the theory of
fixed point index for weakly inward A-proper maps recently developed in
w x12 , to prove some new results on the existence of fixed points and
nonzero fixed points for sums of dissipative and ball-condensing maps. In
particular, we obtain new range results for dissipative maps defined on
closed convex sets. Previous results required the maps to be defined on
w x w xwedges 25 or the whole spaces 6, 7, 9 .
We also apply our results to study the existence of nonzero positive
solutions for a homogeneous integral equation
m x t s g t , x t q k t , s f s, x s ds a.e. on V .Ž . Ž . Ž . Ž .Ž . Ž .H
G
w xSuch equations were studied in 10 by applying an eigenvalue result for
self-maps when g is positive. However, it is not clear whether the eigen-
value result holds for nonself-maps, so it cannot be applied to treat the
case when g takes negative values. Our result allows g to take negative
w xvalues and our method is different from that used in 10 .
2. PRELIMINARIES
Let X be a Banach space. We denote by X U the dual space of X and
by 2 X
U
the set of subsets of X U. The normalized duality map J: X “ 2 X U
is defined by
U 5 5 5 5 5 5 5 5J x s f g X : x , f s f x and f s x . 4Ž . Ž .
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Recall that a map A: D ; X “ X is said to be k-dissipative with k g R
Ž . 5 5 2 Ž .if Ax y Ay, f F k x y y for all f g J x y y and x, y g D. A map T :
Ž . 5D ; X “ X is said to be c-accretive with c g R if Tx y Ty, f G c x y
5 2 Ž .y for all f g J x y y and x, y g D. It is clear that A is k-dissipative if
Ž .and only if I y A is 1 y k -accretive.
Let K be a metric space with a metric d. For a bounded set Q in K, we
define the ball-measure of noncompactness of Q relative to K by
n n 4b Q s inf r ) 0: there exist x ; K with Q ; D B x , r ,Ž . Ž . 4K i is1 K iis1
Ž .  Ž . 4 w xwhere B x, r s y g K : d x, y - r . We refer to 14 for its properties.K
Let Y be a metric space. Recall that a continuous map A: D ; K “ Y is
Ž . Ž Ž ..said to be k- b , b -contractive if there is k G 0 such that b A Q FK Y Y
Ž .kb Q for each bounded Q ; D.K
DEFINITION 2.1. A continuous map A: D ; K “ Y is said to be m-
Ž . Ž Ž .. Ž .b , b -condensing if there exists m ) 0 such that b A Q - mb QK Y Y K
Ž .for each bounded Q ; D with b Q / 0.K
Ž .As usual, when Y s K, we use b in place of the symbol b , b .K K Y
Ž . Ž .Moreover, a 1- b , b -condensing map is also called a b , b -con-K Y K Y
densing map. It is easy to see that the class of m-b -condensing mapsK
w .contains the class of k-b -contractive maps with k g 0, m .K
w xLet K be a subset in a Banach space X. Following 5 , the inward set of
Ž .  Ž . 4x g K relative to K is the set I x s x q c z y x : z g K and c G 1 .K
Ž .Its closure is written I x . Recall that a closed convex set K is called aK
Ž .wedge if l x g K for x g K and l G 0. If a wedge also satisfies K l yK
 4s 0 , then K is called a cone. It is known that if K is convex, then
Ž .  Ž . 4I x s x q c z y x : z g K and c G 0 , and if K is a cone or wedge,K
Ž .then I x is a wedge for x g K.K
Ž .The following proposition gives new properties of I x . We refer toK
w x13 for other properties.
PROPOSITION 2.1. Let K be a subset of X. Let y g X and x g K. Then the
following assertions hold.
y1Ž . Ž Ž .. ŽŽ . .qi d y, I x F lim inf t d 1 y t x q ty, K .K t “ 0
Ž . y1 ŽŽ . .qii If K is con¤ex, then the limit lim t d 1 y t x q ty, K existst “ 0
y1Ž Ž .. ŽŽ . .qand d y, I x s lim t d 1 y t x q ty, K .K t “ 0
Ž y1 . y1 Ž . Ž xProof. Since 1 y t x q t K ; I x for t g 0, 1 , we haveK
d y , I x F d y , 1 y ty1 x q ty1K s ty1d 1 y t x q ty , K .Ž . Ž . Ž .Ž .Ž . Ž .K
2.1Ž .
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Ž . Ž . Ž .This implies i . Let u g I x . Then u s x q l z y x for some l G 1K 0 0
Ž y1 x Ž . Ž .and some z g K. Let t g 0, l and z s l t z q 1 y l t x. Then0 t 0 0
y1Ž . Ž y1 . y1z g K since K is convex, and u s x q t z y x g 1 y t x q t Kt t
Ž y1 x Ž . Ž Ž .. y1 ŽŽ .for all t g 0, l . This and 2.1 imply d y, I x F t d 1 y t x q0 K
y1. 5 5 Ž x Ž .ty, K F y y u for t g 0, l and ii holds.0
Ž .Remark 2.1. If K is not convex, the inequality in i may be strict. For
 4 Ž .  4example, let X s R, K s 0, 1, 2 , x s 0, and y s 1. Then I x s 0 jK
y1w . Ž Ž .. ŽŽ . .1, ‘ and d y, I x s 0. Since t d 1 y t x q ty, K s 1 for t gK
Ž . y1 ŽŽ . . Ž .q0, 1r2 , we have lim t d 1 y t x q ty, K s 1. This shows that i ist “ 0
 y1 ŽŽ . . 4qstrict. Hence, the set F [ y g X : lim t d 1 y t x q ty, K s 0t “ 0
Ž .may be strictly contained in I x . This example also shows that when KK
Ž .is not convex, the set F may not contain K, although I x alwaysK
contains K for x g K.
DEFINITION 2.2. A map A: D ; K “ X is said to be weakly inward on
Ž . Ž .D relative to K if Ax g I x for x g D.K
Remark 2.2. By Proposition 2.1, we see that if a map A: D ; K “ X
y1 ŽŽ . .qsatisfies lim inf t d 1 y t x q tAx, K s 0 for x g D, then A ist “ 0
weakly inward relative to K. In general, the converse is false since the
inequality in Proposition 2.1 may be strict. However, if K is convex, the
w xconverse is true. This gives a different proof of 2, Theorem 1.2 .
Recall that a Banach space X is said to be a p -space if there exist a1
sequence of finite-dimensional subspaces X ; X and a sequence ofn
5 5continuous linear projections P : X “ X such that P F 1 for n g Nn n n
and P x “ x for each x g X. Every Banach space with a monotonen
Schauder basis is a p -space. From now on, we will always assume that X1
is a p -Banach space.1
DEFINITION 2.3. A map T : D ; X “ X is said to be A-proper at a
<point q g X if T ’ P T : D l X “ X is continuous for eachD l Xn n n nn
 4n g N and, whenever x : x g D l X is bounded and T x “ q,n n n n nk k k k k
 4then x has a subsequence which converges to some x g D with Tx s q.nk
T is pseudo-A-proper at q if we assert that there exists x g D such that
Tx s q without finding a convergent subsequent. T is said to be A-proper
on a set K if it is A-proper at all points of K. Similarly, we define
pseudo-A-proper on K.
The following result gives the relations among the above concepts. Its
proof follows from Definition 2.3, so we omit the proof.
PROPOSITION 2.2. A map T : D ; X “ X is A-proper on X if and only if
Ž .it is A-proper on T D and pseudo-A-proper on X.
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We also use the concept of a P -compact map. For a fixed g G 0, a mapg
A: D ; X “ X is said to be P -compact at a point q g X if lI y A isg
ŽA-proper at q for each l dominating g that is, l G g if g ) 0 and l ) 0
.if g s 0 . A is said to be P -compact on a set K if it is P -compact at allg g
points of K.
3. NEW RESULTS ON A-PROPERNESS OF SUMS OF
DISSIPATIVE AND BALL-CONDENSING MAPS
We study A-properness of sums of dissipative and ball-condensing maps,
where the domains of these maps need not be the whole space or a cone
and the dissipative maps are not required to satisfy any extra range
conditions.
Ž 4.Previously, one proved and utilized the key inequality b P y FK k k
Ž 4.b y in the proofs of A-properness. This forced one to require theK k
w x Ž .maps to be self-maps 14 or self-maps and satisfy condition I y A K ; K
Ž w x.see 10, 15, 20, 21 . The following new inequality will be applied to treat
maps where these restrictions are not needed.
LEMMA 3.1. Let K be a subset in X which satisfies P K ; K and let T :n
 4K “ X be a continuous c-accreti¤e map with c ) 0. Assume that x ; Kk
 4 Ž .and y ; T K are bounded and satisfy the conditionk
P Tx y P y “ 0.k k k k
Ž 4. Ž 4.Then cb x F b y .K k T ŽK . k
Ž 4.  4Proof. Let r s b y and « ) 0. Then there exist u , . . . , u ; KT ŽK . k 1 m
such that
 4 my ; D B Tu , r q «r4 . 3.1Ž .Ž .k js1 T ŽK . j
 4 w xLet k g N and j g 1, . . . , m . By 19, p. 32, Lemma 2.5 , we have, for each
Ž .f g J x y P u ,k k j
5 5 2 Uc x y P u F Tx y T P u , P f s P Tx y P T P u , fŽ . Ž .Ž . Ž .k k j k k j k k k k k j
5 5F P Tx y P T P u x y P u .Ž .k k k k j k k j
This implies
5 5 5 5c x y u F P Tx y P T P u q c P u y u . 3.2Ž .Ž .k j k k k k j k j j
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Note that there exists k g N such that, for each k G k and j g 1, . . . ,0 0
4m ,
5 5c P u y u - «r4, Tu y T P u - «r4,Ž .k j j j k j
5 5and P Tx y P y - «r4.k k k k
Hence, we obtain
5 5 5 5P Tx y P T P u F P Tx y P y q P y y P TuŽ .k k k k j k k k k k k k j
q P Tu y P T P uŽ .k j k k j
5 5- «r4 q y y Tu q Tu y T P uŽ .k j j k j
5 5F y y Tu q «r2.k j
Ž .This, together with 3.2 , implies
5 5 5 5  4c x y u - y y Tu q 3«r4 for k G k and j g 1, . . . , m .k j k j 0
Ž .  4 5By 3.1 , for each k G k there exists j g 1, . . . , m such that y y0 k
5 5 5  4Tu - r q «r4. It follows that c x y u - r q « and x ;j k j k k G k 0
m Ž Ž . .  4D B u , r q « rc . This implies cb x F r q « and the result fol-js1 K j K k
lows.
Using Lemma 3.1, we give the following general result on A-properness,
which will be used to obtain all of the other results on A-properness.
THEOREM 3.1. Let K be a subset in X which satisfies P K ; K and letn
D ; K be a closed set of X. Assume that T : K “ X is a continuous
Ž .c-accreti¤e map with c ) 0 and C: D “ T K is a c-b -condensingŽK , T ŽK ..
map. Then T y C is A-proper at 0.
 4Proof. We write K for K l X . Let x : x g D l K be boundedn n n n nk k k
Ž 4.and P Tx y P Cx “ 0. It follows from Lemma 3.1 that cb x Fn n n n K nk k k k k
Ž  4. Ž 4.  4b C x . This implies b x s 0 and so x has a subsequenceT ŽK . n K n nk k k
which converges to some x g D. It follows from the continuity of T and C
that Tx y Cx s 0.
Ž . wRemark 3.1. The result applies when T s I, so it generalizes 1 of 14,
xTheorem 3.6 , where T s I and C: D “ K is b -condensing.K
As shown in Proposition 2.2, it is of interest to prove that a map T is
Ž .A-proper on T K since it is an important step toward obtaining A-prop-
erness on the whole space.
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THEOREM 3.2. Let K be a closed subset in X which satisfies P K ; K.n
Assume that T : K “ X is a continuous c-accreti¤e map with c ) 0. Then T is
Ž .A-proper on T K .
Ž .Proof. Let q g T K and Cx s q for x g K. It follows from Theorem
3.1 that T y C is A-proper at 0; that is, T is A-proper at q.
Remark 3.2. Assume that B: K “ X is 0-accretive. Then I q aB is
1-accretive for a ) 0. It follows from Theorem 3.2 that I q aB is A-proper
Ž .Ž . won I q aB K for every a ) 0. This result is similar to 25, Theorem
x Ž .3.2 , where it was assumed that D K s K and X ; X . Theorem 3.2n n nq1
w x Ž . Ž .improves 22, Theorem in the following ways: i K need not be X, and ii
U wX need not be reflexive with X uniformly convex. However, 22, Theo-
xrem applies when T is demicontinuous.
 5 5 4COROLLARY 3.1. Let K s x g X : x F r . Assume that A: K “ X is a
Žcontinuous k-dissipati¤e map with k - 1. Then I y A is A-proper on I y
.Ž .A K .
Proof. Note that P K ; K is satisfied automatically and I y A is an
Ž .continuous 1 y k -accretive map. The result follows from Theorem 3.2.
By Proposition 2.2, we see that Corollary 3.1 gives a partial answer to
Question 1 given in the Introduction. However, we do not know whether
I y A is pseudo-A-proper on X, so we pose the following
Open question. Under the hypotheses of Corollary 3.1, is I y A pseu-
do-A-proper on X ?
Ž w x.The result holds when X is a p -Hilbert space see 1, Theorem 5.1 .1
Hence, it is interesting to know whether it holds in p -Banach spaces.1
In some situations, we only need to know that a map is A-proper at 0
since it suffices to obtain the existence of fixed points.
COROLLARY 3.2. Let K be a closed subset in X which satisfies P K ; K.n
Assume that A: K “ X is a continuous k-dissipati¤e map with k - 1 and
y1 ŽŽ . .qsatisfies lim inf t d 1 y t x q tAx, K s 0 for x g K. Then I y A ist “ 0
Ž .A-proper at 0. Moreo¤er, if also K is con¤ex, then I y tA y 1 y t x is0
w xA-proper at 0 for e¤ery t g 0, 1 and x g K.0
w x Ž .Ž .Proof. By 16, p. 257, Theorem 7.3 , we have 0 g I y A K . The first
Ž .result follows from Theorem 3.2. Applying the first result to tA q 1 y t x ,0
the second result follows.
w xRemark 3.3. This result improves 24, Theorem 2 in the following
Ž . Ž . Ž .ways: i X need not be reflexive; ii K need not be convex; and iii A
need not be a contractive type map.
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Ž .In Theorem 3.1, it is hard to know what T K is. However, under
Ž .suitable conditions, we do know T K > K. This enables us to obtain the
following new result.
THEOREM 3.3. Let K be a closed con¤ex set in X which satisfies P K ; Kn
and let D ; K be a closed set of X. Assume that A: K “ X is a continuous
k-dissipati¤e map with k - 1 such that I q A is weakly inward relati¤e to K
Ž .and B: D “ K is 1 y k -b -condensing. Then the following results hold.K
Ž .1 I y A y B is A-proper at 0.
Ž . Ž . Ž . w x2 I y t A q B y 1 y t x is A-proper at 0 for t g 0, 1 and0
x g K.0
Ž .3 If K is a wedge, then A q B is P -compact on K.1
w x Ž .Proof. By 16, p. 252, Proposition 6.3 , we have I y A K > K. This,
Ž .together with the hypothesis on B, implies that B: D “ I y A K is
Ž . Ž .1 y k -b -condensing. The result 1 follows from Theorem 3.1.ŽK , Ž IyA.Ž K ..
Ž . Ž . Ž .Applying the result 1 to tA and tB q 1 y t x , the result 2 follows. Let0
w x Ž .q g K and m g 0, 1 . Applying the result 1 to m A and mB q q, we have
Ž .1 y m A y mB y q is A-proper at 0. The result 3 follows.
wRemark 3.4. Theorem 3.3 applies when A s 0, so it generalizes 14,
Ž .x Ž .Theorem 3.10 2 . When K s X, Theorem 3.3 3 can be used to obtain all
w x w xof the results of 15, Corollary 2.3 which contain 17, Proposition B and
w x20, Proposition . Noting that the sum of a k-b -contraction and a b -con-X X
Ž . Ž .densing map is 1 q k -b -condensing, we see that Theorem 3.3 3 withX
w xK s X improves 23, Theorem 1 , where A is demicontinuous and X is
reflexive with X U uniformly convex.
Ž .In Theorem 3.3 3 , if B is b -contractive, we can obtainK
THEOREM 3.4. Let K, D, and X be as in Theorem 3.3. Assume that A:
K “ X is a continuous weakly inward k -dissipati¤e map with k - 1 and B:1 1
D “ K is a k -b -contracti¤e map with k q k - 1. Then A q B is P -com-2 K 1 2 g
 4pact on K for g ) max k q k , 0 .1 2
Ž Ž  4.y1 .Proof. Let m g 0, max k q k , 0 and q g K. Applying the result1 2
Ž .1 of Theorem 3.3 to m A and mB q q, the result follows.
Ž . wRemark 3.5. Theorem 3.4 generalizes the assertion H of 10, Propo-4
x Ž . Ž .sition 1.1 in the following ways: i A need not be a self-map; ii
Ž . Ž . Ž .I y A K need not be contained in K ; iii I y A y B K need not be
Ž . Ž .contained in K ; iv the domain of B need not be K ; and v k may take2
w . w xvalues in 1, ‘ . Moreover, our method is different from that used in 10 .
w Ž .xTheorem 3.4 also generalizes 14, Theorem 3.10 3 , where A s 0 and B is
a k-b -contractive map with k G 0.K
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4. FIXED POINT THEOREMS FOR SUMS OF
DISSIPATIVE AND BALL-CONDENSING MAPS
In this section, we shall prove some new fixed point theorems by using
the results obtained in the above section and the theory of fixed point
w xindex for weakly inward A-proper maps developed in 12 .
Let K be a closed convex set in a p -space X and let D be a bounded1
open set in X such that D l K / B. We denote by D and › D theK K
closure and the boundary, respectively, of D s D l K relative to K. LetK
A: D “ X be a weakly inward map where I y A is A-proper at 0 andK
w xsuch that x / Ax for x g › D . Then there is defined in 12 the fixedK
Ž .point index, i A, D , of A over D with respect to K. The index has theK K K
usual properties and we mention those which will be used in this section.
Ž . Ž . Ž .  4P Existence . If i A, D / 0 , then A has a fixed point in1 K K
D .K
Ž . Ž . Ž .  4 Ž .P Normalization . If u g D , then i u, D s 1 , where u xˆ ˆ2 K K K
s u for x g D .K
Ž . Ž .P Homotopy property . Let D / K. Assume that A, B: D “3 K K
X are two bounded continuous weakly inward maps and satisfy
Ž . Ž . w xi I y tA y 1 y t B is A-proper at 0 for every t g 0, 1 ; and
Ž . Ž . w xii x / tAx q 1 y t Bx for x g › D and t g 0, 1 .K
Ž . Ž .Then i A, D s i B, D .K K K K
Ž . wThe above homotopy property is a special case of P of 12, Theorem4
x4.1 and is enough for applications in this section.
THEOREM 4.1. Let K be a closed con¤ex set in X which satisfies P K ; Kn
and let D be a bounded open set in X such that D / B and D / K. Let A:K K
K “ X be a bounded continuous k-dissipati¤e map with k - 1 such that
Ž .I q A is weakly inward relati¤e to K and let B: D “ K be a 1 y k -b -K K
condensing map. Assume that the following condition holds.
Ž . Ž . Ž .LS There exists x g K such that x / t A q B x q 1 y t x for0 0
Ž .x g › D and t g 0, 1 .K
Then A q B has a fixed point in D . Moreo¤er, if x / Ax q Bx for x g › D ,K K
Ž .  4then i A q B, D s 1 .K K
Ž .Proof. Assume that x / A q B x for x g › D . By Proposition 2.1K
w xand 16, p. 215, Proposition 2.4 , we see that A q B: D “ X is weaklyK
Ž . Ž . Ž .inward relative to K. By Theorem 3.3 2 , I y t A q B y 1 y t x is0
w x Ž . Ž .A-proper at 0 for every t g 0, 1 and by condition LS , x / t A q B x q
Ž . w x1 y t x for x g › D and t g 0, 1 . It follows from the properties of the0 K
Ž . Ž .  4index that i A q B, D s i x , D s 1 .ˆK K K 0 K
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w xRemark 4.1. Theorem 4.1 improves 3, Theorem 20.4 in the following
Ž . Ž .ways: i K need not be a cone; ii the interior of K may be empty; and
Ž .iii B may be condensing.
The following lemma gives a new property of k-dissipative maps with
k - 1 and will be used to prove our range results. It is easy to show that
 4x is a Cauchy sequence, so we omit the proof.n
LEMMA 4.1. Let D be a closed subset in a Banach space X and let A:
D “ X be a demicontinuous k-dissipati¤e map with k - 1. Assume that
 4  4x ; D is bounded and satisfies x y Ax “ q g X. Then x con¤erges ton n n n
some x g D and x y Ax s q.
 5 5 4 5 5 4Notation. Let K s x g K : x - r and t s inf x y Ax : x g › D .r K
THEOREM 4.2. Let K be a closed con¤ex set in X which satisfies 0 g K
and P K ; K and let D be a bounded open set in X with 0 g D. Assume thatn
A: K “ X is a bounded continuous k-dissipati¤e map with k - 1 such that
I q A is weakly inward relati¤e to K and satisfies the following condition:
Ž . Ž .ls There exists x g D such that x / tAx q 1 y t x for x g › D0 K 0 K
Ž xand t g 0, 1 .
Ž .Then I y A D > K .K t
Ž .  4Proof. By Theorem 4.1 with B s 0, we have i A, D s 1 . SinceK K
x / Ax for x g › D , it follows from Lemma 4.1 that t ) 0. Let q g K .K t
w x Ž . Ž . Ž .Define a map H: 0, 1 = D “ X by H t, x s 1 y t Ax q t Ax q q .K
Then we have
5 5 5 5 5 5x y H t , x G x y Ax y t q G t y q ) 0Ž .
w xfor t , x g 0, 1 = › D .Ž . K
Ž . w xHence, x / H t, x for x g › D and t g 0, 1 . Note that A and A q qˆK
Ž . Ž .are weakly inward and, by Theorem 3.3 2 , I y H t, ? is A-proper at 0 for
w x Ž . Ž .  4every t g 0, 1 . It follows that i A q q, D s i A, D s 1 . Hence,ˆK K K K
Ž .we have q g I y A D .K
w xBy a similar argument to that of 11, Corollary 5.2 , we can show that
Ž .condition ls in Theorem 4.2 can be replaced by a stronger norm type
Žcondition, which was often used in the theory of accretive maps see, for
w x.example, 6, 7, 9, 23 .
COROLLARY 4.1. Let K and D be as in Theorem 4.1. Let A: K “ X be a
bounded continuous k-dissipati¤e map with k - 1 such that I q A is weakly
inward relati¤e to K. Assume that x / Ax for x g › D and there existsK
5 5 5 5 4 Ž .x g D such that x y Ax F inf x y Ax : x g › D . Then I y A D0 K 0 0 K K
> K .t
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w xRemark 4.2. Corollary 4.1 generalizes 25, Theorem 4.1 , where K is a
5 5wedge, D s K , x s 0, and A0 - t .K s 0
We now give a new result on the existence of nonzero fixed points.
THEOREM 4.3. Let K be a wedge in X which satisfies P K ; K. Let D1, Dn
1 1be bounded open sets in X such that 0 g D and D ; D . Let A: K “ X beK K
a continuous bounded weakly inward k-dissipati¤e map with k - 1 and let B:
Ž .D “ K be a 1 y k -b -condensing map. Assume that the following condi-K K
tions hold.
Ž . Ž . 1 Ž .LS x / t A q B x for x g › D and t g 0, 1 .K
Ž .  4 Ž .E There exists e g K _ 0 such that x / A q B x q le for x g › DK
and l ) 0.
1Then A q B has a fixed point in D _ D . The same conclusion remains ¤alidK K
Ž . Ž . 1if LS holds on › D and E holds on › D .K K
Ž .Proof. By Theorem 3.3 3 , A q B: D “ X is P -compact on K. TheK 1
w xresult follows from 12, Theorem 5.3 .
As an application of Theorem 4.3, we consider eigenvalue problems for
the homogeneous integral equation
m x t s g t , x t q k t , s f s, x s ds a.e. on V . 4.1Ž . Ž . Ž . Ž . Ž .Ž . Ž .H
V
Ž .Equation 4.1 can be written as m x s Ax q Bx in a suitable function
pŽ .space. Here, we consider the reflexive Banach space L V with the norm
5 5 Ž < Ž . < p .1r p Ž .x s H x t dt , where p g 1, ‘ and V is a bounded closedV
n Ž .domain in R with meas V ) 0. We seek nonzero solutions in the cone
 pŽ . Ž . 4K s x g L V : x t G 0 a.e. on V .
Ž . w xEquation 4.1 was studied in 10 , where g was required to be positive.
Ž w x.Moreover, an eigenvalue result for self-maps see 10, Theorem 3.1 was
used, but it is not clear whether the eigenvalue result holds for nonself-
maps. In the following result, we allow g to take negative values, so the
eigenvalue result cannot be applied.
THEOREM 4.4. Assume that the following conditions hold.
Ž . q Ž . Ž . qC g : V = R “ R satisfies i , g ?, u is measurable for a.e. u g R1
Ž . Ž . Ž . qand g t, 0 s 0 for all t g V; ii g t, u G yku for t g V and u g R ; and
Ž . Ž .iii there exists k g 0, 1 such that
2 qg t , u y g t , ¤ u y ¤ F k u y ¤ for all u , ¤ g R .Ž . Ž . Ž . Ž .Ž .
Ž . q q Ž . Ž .C f : V = R “ R satisfies i f ?, u is measurable for a.e. u g2
q Ž . Ž .R ; and ii there exist a , b g 0, ‘ with a - b such that
a u p F f t , u F b u p for t g V and u g Rq.Ž .
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Ž . q Ž . Ž . ‘Ž . Ž .C k: V = V “ R satisfies i k t, ? g L V for t g V; ii3
 Ž . 4 Ž .  Ž . 4k ?, s : s g V is equicontinuous; and iii m [ inf H k t, s dt: s g VV
) 0.
Ž . 5 5Then, for each m G 1, 4.1 has a solution x g K with x ) 0. Moreo¤er,m m
5 5lim x s ‘.m“‘ m
pŽ .Proof. It is known that X [ L V is a p -space and P K ; K.1 n
U Ž .Ž .The normalized duality map J: X “ X is defined by J x t s
5 5 2yp < Ž . < py2 Ž . Ž .x x t x t for x g X. By C , we see that A: K “ X is ap 1
5 5bounded continuous k-dissipative map with k - 1 and satisfies Ax F
5 5 w xk x for x g K. Following 3, Lemma 18.2 , it can be shown that for every
UŽ . Ž .x g › K, y g I x if and only if, for each c g K the dual cone withK
Ž . Ž . Ž .  Ž . 4c x s 0, c y G 0. Hence, if for x g K, we set E x s t g V: x t s 0 ,
Ž . Ž Ž ..  Ž . Ž .4then I x s X if meas E x s 0 and y g X : y t G 0 for t g E x ;K
Ž . Ž Ž .. Ž Ž .. Ž .I x if meas E x / 0. Let x g › K with meas E x / 0 and t g E x .K
Ž .Ž . Ž Ž .. Ž .Then we have Ax t s g t, x t s g t, 0 G 0. It follows that A is weakly
inward relative to K.
1Ž . Ž . Ž .Ž . Ž . Ž .We define a map L: L V “ C V by Lx t s H k t, s x s ds. ThenV
Ž .Ž . Ž Ž ..L is compact. We define a map F: K “ K by Fx t s f t, x t . Then F:
1Ž .K “ L V is continuous and bounded. Hence, B [ LF: K “ K is com-
pact. By Theorem 3.4, A q B: K “ X is P -compact on K for g ) k. Letg
w Ž .xy1r q Ž Ž ..1r p 5 5 Ž .m s meas V ma and m s b meas V L , where q g 1, ‘1 2
5 5 1Ž .satisfies 1rp q 1rq s 1 and L denotes the norm of L from L V to
pŽ .L V . We prove the inequality
5 5 p 5 5 5 5 pm x F Bx F m x for x g K . 4.2Ž .1 2
Ž .In fact, by C we have, for x g K,2
y1rq5 5Bx G meas V k t , s f s, x s ds dtŽ . Ž . Ž .Ž .H H
V V
y1rqG meas V m f s, x s dsŽ . Ž .Ž .H
V
py1rq p5 5G meas V ma x s ds s m x ,Ž . Ž .H 1
V
5 5 w Ž .x1r p 5 5 w Ž .x1r p 5 5 5 5 1 5 5 pand Bx F meas V Bx F meas V L Fx F m x .C L 2
Ž .I For the first result, we only consider the case when m s 1
Ž Ž . Ž . . Ž .otherwise, we consider 1rm f and 1rm g . Let e t s 1 for t g V and
Ž .x g K. By 4.2 , we have
5 5 5 5 5 5 5 5 5 5 5 5 p 5 5Ax q Bx q le G Bx q le y Ax G Bx y Ax G m x y k x .1
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5 5 5 5 p 5 5 5 5 5 5This implies Ax q Bx q le G m x y k x ) x for x g K with x1
Ž . Ž .) r . Hence, E in Theorem 4.3 holds on › K for r ) r . By 4.2 , we0 r 0
have
5 5 5 5 5 5 5 5 5 5 pAx q Bx F Ax q Bx F k x q m x for x g K .2
5 5 5 5 5 5This implies Ax q Bx F x for x g K with x F r , where r s0 0
Ž Ž ..1rŽ py1. 4 Ž .min m r 1 y k , r . Hence, condition LS in Theorem 4.3 holds2 0
on › K with r F r . The first result follows from Theorem 4.3.r 0
Ž .II Now we assume that m x s Ax q Bx for m G 1. We provem m m
5 5  4lim x “ ‘. In fact, if not, there exist m with m “ ‘ and M ) 0m“‘ m n n
5 5 Ž .such that x F M. By 4.2 , we havemn
5 5 5 5 5 5 5 5 5 5 pm x F Ax q Bx F k x q m x .n m m m m 2 mn n n n n
py1This implies m F k q m M - ‘, which contradicts m “ ‘.n 2 n
Ž . wRemark 4.3. Theorem 4.3 generalizes the assertion A of 10, Theo-1
xrem 3.3 , where g is the sum of two positive functions and other conditions
Ž . Ž .are slightly stronger than our conditions C and C . Moreover, the2 3
w xmethod used in 10 cannot be applied to treat Theorem 4.3.
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